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Integrals of simple functions

C is used for an arbitrary constant of integration that can only be determined if something about the value of the

integral at some point is known. Thus each function has an infinite number of antiderivatives.

These formulas only state in another form the assertions in the table of derivatives.

Integrals with a singularity

When there is a singularity in the function being integrated such that the integral becomes undefined;.it is
not Lebesgue integrable, then C does not need to be the same on both sides of the singularity. The.forms below
normally assume the Cauchy principal value around a singularity in the value of C but this is ot in.general

necessary. For instance in
1
—dr =In|z|+ C
X

There is a singularity at 0 and the integral becomes infinite there. If the integral above was used to give a
definite integral between -1 and 1 the answer would be 0+ This'however s only the value assuming the
Cauchy principal value for the integral around the singularity. If the. integration was done in the complex plane
the result would depend on the path round the origin, in this case the singularity contributes —irr when using a
path above the origin and /17 for a path below the origin. A function on the real line could use a completely

different value of C on either side of the origin as in:

1 A ifx >0
/—dlen|$|—i— ,
T B ifx<0.

Rational functions
more integrals: List of integrals of rational functions

These rational functions have a non-integrable singularity at O for a < -1.

/a.d;r,:a;t-kff
$ﬂ+1
fdr = C
./I . a.+1+

1
f;da: =ln|z|+C
Exponential functions

more integrals: List of integrals of exponential functions

/EEJ;E:EE—I—C
fa.$d$:i+c

Ina
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Logarithms

more integrals: List of integrals of logarithmic functions

fln:t:da:::tln:r,—:r,—l—lf?

T
flﬂgﬂztda: =xlog,x — m—l—@

ITrigonometric functions
more integrals: List of integrals of trigonometric functions

smaxdr = —cosx + C

cosrdr =sinx + C

tanrdr = —In|cosz| + C' =In [secz| + C
cotxdr = In|sinz| + C

secrdr = In|secx + tanz| + C

cscxdr = In |cscx — cotz| + C

sec’ zdx = tanz + C

csc? o dr = — cotx +

secx tanrdr = secr + C

cscx cotxdr = —cscax + C

2 2 2

e L S L

2 2 2
3 1 1
sec” x dx = Esec:t:t-a,na: +5 In|seczx + tanz| + C
(see integral of secant cubed)
- n—1
, sin" " xcosr n-—1 oo
fsm“:t:da::— + fsm“‘ 2y dx
m n
cos”

lrsin n-1
_l_

—2
f cos' T dr = f cos’ ~xdx
n n

Inverse trigonometric functions

1 in 2 1
SiHEId$=—( = I)—I—GZ—(I—SiHiECﬂSI}—I—G

1 in 2 1
coszdr = = (:t:—|—5m I) +C =—(z+sinxzcosz) + C
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more integrals: List of integrals of inverse trigonometric functions

/arcsinxd&: =g arcsinz + V1 —x2 +C
/EIECDSI dr = x arccosr — V1 —x22 +C

1
fa,rct-a,n:r, dr = r arctanx — 5 ln‘l + :-::2‘ +

1
/arccat-:t: dr = x arccotx + 3 In |1 + :1:2| +
/arcsec:r, dr = x arcsecx — arcoshx + C'

/arccscx dx = x arccscx + arcoshx 4+ C

Hyperbolic functions

more integrals: List of integrals of hyperbolic functions

fsinh:t: dr = coshx + C
fcosh:r, dr =sinhx 4 C'
ft-anh:t: dr =1In |coshz| + C
/cﬂsech:r, dr =In

tanh E‘ +C

2
fsecha: dx = arctan (sinhx) + C
fcr:nt.h:t: dr =In|sinhz| +C
fSEChEI dr = tanhz + C

Inverse hyperbolic functions

more integrals: List of integrals of inverse hyperbolic functions

/arsinh:rd:c —rarsinhz —vaz24+14+C
/armsh:t: dr = rarcoshx —vz2 -1+ C

/art-a.nh;t: dr = x artanhx + % In(1— it:g) +
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/arcsch:nd:cz:t:arcschx—l—ln |:1:( 1—|—i2—|—1)
\ T

/arsech:cd:czztarsecha:—a,rctan( I MI_I) +
r—1V1+=x

/arcat-h:t: dxr = x arcothx + % In (:1:2 - 1)+C

+C

Composed functions

br
/casa&: e dy = —© (asin ax + beosax) + C
a® + b?
(b
fsin az " dr = R (bsinax — acosar) + C
fcﬂsaa: coshbrdr = — e (asinax coshbxr + beosax sinhbz) + C
(1

. 1 . .

fsm axr coshbr dr = e (bsin ax sinh br — acos ax coshbx) + C
(1

Absolute value functions
(ax + b)"*2 .

(ax + b)"| dx +C' [nis odd, and n # —1
/| )/l (n—|—1)|a:1:—|—b| | | 7 1]
f|51n ax| dr = — |51n ax|cotaxr + C
f|CDSﬂ$| dr = |:}::ns ar|tanar + C

ta,n ar)|— In |cosax
f|t-a,naa:| dr = (az)|~ In| ” + C
a |tan ax|
— In |esc ax 4 cotax|sinax
f|csca&:| do = | + | +C
a |sin ax|
In |[secaz + tan ax| cos ax
f|secaa:| dr = | i | +C
a|cosazx|

tan(az)[In [sin az|]

f|cot-a:c| dr = +C

a|tan ax|
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Special functions

Ci, Si: Trigonometric integrals, Ei: Exponential integral, li: Logarithmic integral function, erf: Error function

/Ci(a:}da: =z Ci(x) — sinx
Si(z)dx = x Si(z) + cosx
Ei(z)dx = 2 Ei(z) — €”

li(z)dr = zli(x) — Ei(2In z)
i(x)

T

e

dr =Inzli(z) —a
g2

erf(z) dr = c 4 xerf(x)

\/,E

S S

Special functions

Ci, Si: Trigonometric integrals, Ei: Exponential integral, li: Logarithmic integral function, erf: Error function

_ 1
fm Ve “dr = —\/_
(seewalso.Gamma function)

f —ar gy = 1;
1] 2 {l (the Gaussian integral)

o0 1
f :EEE_“"T dr = — T
0

4V a? whena>0

n—1 % o0 1) a2, (2n=-10 @7  (2n)! 7
_[GI ¢ e = Qa _[j T € dr = In+1 qa2ntl — pl92n+1 | g2n+1

when a> 0, nis 1,2,3,... and !l is the double factorial.

_ 1
ﬁ 3 ax? dﬂ: _ _2
0 2[1- whena>0

20 n o0 3 !
In+1 m—1 —
f e d:c——f " emdmz—ﬂ+1
1] i Jo 2{1 whena>0,nis0,1,2, ...
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2 (see sinc function and Sine integral)

f@ﬂ sin(x) g T
0 T

T T 1-3.5-+---(n—1
/Esinﬂxd:c:fgccns”:tdx: (n )I
0 0

2-4-6----- n 2 (if n is an even integer
and m=2)
; ; 2. 4.6---- n—1
f sm“:t:d:t::f?cﬂs“a:da:: ( )
0 0 3-5-T-uvn T (if » is an odd integer and " =3)
T 2w fn = 13(2m —
/ cos(ax) cos™(Bx)dr = { 2 [(]m) o |lf( m n)|
— otherwise (for @, 3, m. 1 integers

with 370 and m,n=10 see also Binomial coefficient)
1 I'(m)I'(n
xm I(I—I}n ldizl_,( ) ()
(m + ﬂ) (the Beta Function)
m

sin(ax)cos”(Bzx)dr = 0
—m (for @,2 real and n non-negative integer, see also Symmetry)

Wsm(ﬂ)smn(ﬁ)dx:{ (—1)@+D/2(_1)mZz (") odd, a = B(2m —n)

T

0 otherwise

T

—T

(for o, 3, m.n integers with 370 and 7, =0, see also Binomial coefficient)

" cos(aa) sin”(Bz)dx = { (=) (=1)"5 () neven, |af = |3(2m —n)

m "
0 otherwise

T

—T

(for o, ,mn integers with 37 and 7%,m =0 see also Binomial coefficient)

Sll'l2 &£ m
—dr =
0T 2
® -1 _—=x
f ¥ e Tdr =T(z)
1] (where I'(2) is the Gamma function)

o0 2
f o—laz® +brte) g.. \/ﬁexp [b — dac
— o 1 4[1'.

and a > 0)

2w
f >0 g = oIy ()
0 (where lo(X) is the modified Bessel function of the first kind)

2 .
ﬁ Ezcosﬂ+ysm3d8 — 2TTI.D ( .-'Iz 4 yz)
fm (1 + Ii/u)—{u+1]f2d$ _ vV v F(H/Q}
—xa 1—‘((""' + 1)/2)),u = (), this is related to the probability

density function of the Student's t-distribution)

] (where exp[u] is the exponential function €",

The method of exhaustion provides a formula for the general case when no antiderivative exists:
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oo 27 —1

ff;r,)d:c_ (b—a) S 3 (=1)™12"f(a+m(b—a)27").

n=1 m=1

L n(1/z)]P dz = p!

The "sophomore's dream”

1 oo
/ g dr=Y n" (= 1.29128599706266. . . )
]

1 oo
/ o dv =~ (~1)"m™ (=0.783430510712...)
o

n=1
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